We consider the U q sl(2)-invariant open spin-1/2 XXZ quantum spin chain of finite length N . For the case that q is a root of unity, we propose a formula for the number of admissible solutions of the Bethe ansatz equations in terms of dimensions of irreducible representations of the Temperley-Lieb algebra; and a formula for the degeneracies of the transfer matrix eigenvalues in terms of dimensions of tilting U q sl(2)-modules. These formulas include corrections that appear if two or more tilting modules are spectrumdegenerate. For the XX case (q = e iπ/2 ), we give explicit formulas for the number of admissible solutions and degeneracies. We also consider the cases of generic q and the isotropic (q → 1) limit. Numerical solutions of the Bethe equations up to N = 8 are presented. Our results are consistent with the Bethe ansatz solution being complete.
Introduction
The Hamiltonian of the U q sl (2) where {λ k } are solutions of the Bethe equations
sinh(λ k − λ j + η) sinh(λ k + λ j + η) , k = 1 , 2 , . . . , M , M = 0 , 1 , . . . , N 2 , (1. 3) where ⌊k⌋ denotes the largest integer not greater than k. This exact solution owes its existence to the fact that the model is quantum integrable: there are many (∼ N) charges that commute with the Hamiltonian (1.1) and with each other, whose generating function is the so-called transfer matrix (A.1).
The main motivation for the present work is to address the problem of completeness, by which we mean here whether the Bethe equations have too many, too few, or just the right number of solutions to describe all the distinct eigenvalues of the transfer matrix. This question is particularly interesting when q is a root of unity, in which case the Hamiltonian is neither Hermitian nor normal, and in fact has Jordan cells [16, 17, 18] ; and therefore the number of (ordinary) eigenvectors is less than 2 N -the total number of states.
For the case that q is a root of unity, we propose a formula for the number of admissible solutions of the Bethe equations in terms of dimensions [12, 13] of irreducible representations of the Temperley-Lieb algebra [19] , see Eq. (4.10) . We also propose a formula for the degeneracies of the transfer matrix eigenvalues in terms of dimensions of tilting U q sl(2)-modules, see Eq. (4.12) These formulas include corrections that appear if two or more tilting modules are degenerate in eigenvalues of the transfer matrix. For the XX case (q = e iπ/2 ), we give explicit formulas for the number of admissible solutions and degeneracies, see Eqs.
(4.15) and (4.16), respectively. These conjectures, which we have checked up to at least N = 8, are indeed consistent with the Bethe ansatz solution for this model being complete, or Eq. (4.14) is satisfied.
An important aspect of these conjectures is the definition of an admissible solution. As is the case for the periodic chain (see e.g. [20] and references therein), the Bethe equations (1.3) admit singular solutions (i.e., solutions that contain ±η/2). However, such solutions do not correspond to eigenvalues and eigenvectors of the model (1.1), and therefore, are not admissible. In the language of [20] , all singular solutions of the model (1.1) are "unphysical"; i.e., there are no "physical" singular solutions.
Moreover, when q is a root of unity, as is the case for the periodic XXZ chain [21, 22, 23, 24] , the Bethe equations (1.3) admit continuous solutions ("algebraic variety of positive dimension"), in addition to the usual discrete solutions ("algebraic variety of dimension 0"). However, we restrict our attention to the latter, which are sufficient to obtain all the distinct eigenvalues of the transfer matrix. The former are important only for the construction of the eigenvectors and generalized eigenvectors, which we do not discuss here.
The outline of this paper is as follows. In section 2, we consider the isotropic (XXX) limit q → 1. In section 3, we consider the case of generic values of q. Our main conjectures are in section 4, where we consider the root of unity case. We briefly discuss our results in section 5. Background material, special cases and numerical results are provided in the appendices. Specifically, the construction of the transfer matrix, its important properties, and the algebraic Bethe ansatz are reviewed in appendix A. The Temperley-Lieb algebra and its relation to the model (1.1) are briefly reviewed in appendix B. The case p = 2, which can be treated analytically, is analyzed in appendix C. Examples of cases where two or more tilting modules are degenerate are individually analyzed in appendix D. Finally, numerical solutions of the Bethe equations up to N = 8 are displayed in tables in appendix E.
XXX
In the limit η → 0, the Hamiltonian (1.1) becomes su(2)-invariant + N − 1 , (2.2) and the hyperbolic Bethe equations (1.3) become rational
(λ k − λ j + i)(λ k + λ j + i) , k = 1 , 2 , . . . , M , M = 0 , 1 , . . . , N 2 .
3)
The Bethe equations have the reflection symmetry λ k → −λ k , while keeping the other λ's (i.e. λ j with j = k) unchanged. Moreover, any solution with λ k = 0 must be discarded, since the corresponding Bethe vector is not an eigenvector of the Hamiltonian (see e.g. [25] and Appendix A). Hence, we define a solution {λ 1 , . . . , λ M } of the Bethe equations (2.3) to be admissible if all the λ k 's are finite and pairwise distinct (no two are equal), and if each λ k satisfies either Note that, according to this definition, singular solutions {i/2 , −i/2 , . . .} are not admissible. As usual, due to the permutation symmetry of the system of Bethe equations, the order of the λ's in any solution {λ 1 , . . . , λ M } is irrelevant.
According to the Clebsch-Gordan theorem for su(2), the Hilbert space of the XXX chain, the N-fold tensor product of spin-1/2 representations V 1 2 , has the decomposition 6) where the sum starts from j = 0 for even N and j = 1/2 for odd N. Moreover, V j denotes a spin-j irreducible representation of su (2) , and the multiplicity d j is given by
Each admissible solution {λ 1 , . . . , λ M } corresponds to a direct summand V j in the decomposition (2.6), with spin j = N 2 − M. Indeed, as in the case for the periodic XXX chain [26] , the Bethe states are su(2) highest-weight states and they can be constructed within the algebraic Bethe ansatz, see (A.15) and (A.25). Moreover, we expect that there is a one-to-one correspondence between distinct admissible solutions {λ 1 , . . . , λ M } and distinct highest-weight vectors of spin j = N 2 −M. Hence, for given values of N and M, we conjecture that the number N (N, M) of admissible solutions of the Bethe equations is given by 0 1 2  3   2  1 1  3  1 2  4  1 3 2  5  1 4 5  6  1 5 9  5  7 1 6 14 14 For the periodic XXX chain, it is generally believed that the number of solutions of the corresponding Bethe equations is also given by (2.8), see e.g. [26, 27] . However, the situation there is actually more subtle due to the existence of physical singular solutions [28] .
Since dim V j = 2j + 1, it is also natural to conjecture that the number or degeneracy D(N, M) of eigenvalues of the transfer matrix, see its definition in (A.1) and (A.5) at q = 1, corresponding to each admissible solution is given by
The expressions (2.8) and (2.9) satisfy the well-known identity 10) signifying the completeness of the solution.
Using homotopy continuation [29] (see also [28] and references therein for further details), we have solved (2.3) numerically up to N = 7. The admissible solutions up to N = 6 are presented in Table 5 . The numbers N (N, M) of admissible solutions that we have found are reported in Table 1 . (For M = 0, there are no Bethe roots but there is nevertheless an eigenvector (A.16), so we define N (N, 0) = 1.) These numbers coincide with the conjectured values (2.8). As an independent check, starting from the transfer matrix (A.1), (A.5) at q = 1 we have explicitly determined each of the transfer matrix eigenvalues Λ(u) as polynomials in u 2 ; then, by solving the T-Q equation (A.18) for Q(u) and finally finding the zeros of Q(u), we have obtained the corresponding Bethe roots. The results match with those obtained by directly solving the Bethe equations. The number of eigenvalues corresponding to each admissible solution also coincide with (2.9).
2 Direct diagonalization of the (symbolic) transfer matrix t(u) does not yield the eigenvalues as polynomials in u. We instead proceed by first finding the (numerical) eigenvectors |v of the (numerical) matrix t(u 0 ) for some generic numerical value u 0 . Then, by acting with t(u) (whose matrix elements are polynomials in u) on each |v , we read off the corresponding eigenvalue Λ(u) as a polynomial in u. Note that, by virtue of the commutativity property (A.6), the eigenvalues do not depend on the choice of u 0 .
XXZ: generic q
We now consider the Bethe equations (1.3) for generic values of q, i.e., when q is not a root of unity. These equations have the reflection symmetry λ k → −λ k (while keeping the other λ's unchanged), and the periodicity λ k → λ k + iπ. We again exclude λ k = 0, as well as
(See Appendix A.) Hence, we define a solution {λ 1 , . . . , λ M } of the Bethe equations (1.3) to be admissible if all the λ k 's are finite and pairwise distinct (no two are equal), and if each λ k satisfies either
2)
The Hamiltonian (1.1) is invariant under the quantum group U q sl(2), which is the symmetry of the model. This symmetry is generated by the S ± and S z operators that now satisfy the quantum-group relations
which are just q-deformed versions of the usual relations of su(2), or rather Usl(2). The Bethe vectors (A.15) are U q sl(2) highest-weight states (A.25), (A.26). For generic values of q, the irreducible representations of U q sl(2) are isomorphic to those of Usl (2) . (See e.g. [30] and references therein.) The Hilbert space has the same decomposition as in the XXX case (2.6), except that V j is now a spin-j irreducible representation of U q sl(2) with dimension 2j + 1. We similarly expect that there is a one-to-one correspondence between distinct admissible solutions {λ 1 , . . . , λ M } and distinct direct summands isomorphic to V j with j = In order to check these conjectures, it is convenient to rewrite the Bethe equations (1.3) in polynomial form
where
For admissible solutions, each x k satisfies either
We have solved this system numerically with η = 0.1 up to N = 7. The admissible solutions up to N = 6 are presented in Table 6 . The numbers N (N, M) of admissible solutions that we have found are reported in Table 2 . These results are the same as for the XXX case, and therefore coincide with the conjectured values (2.8). We have also confirmed that the degeneracy of the eigenvalues is again given by (2.9). We have obtained similar results for η = i/2, in which case |q| = 1 (and therefore the Hamiltonian is critical; although the Hamiltonian is not Hermitian or even normal, it is nevertheless diagonalizable) but q is not a root of unity. In view of the algebraic Bethe ansatz construction for the eigenstates (A.15), our conjectures say that distinct Bethe states correspond to distinct admissible solutions of the Bethe equations. Moreover, we also assume that, to each eigenvalue of the transfer matrix, there corresponds a unique admissible solution. Indeed, in the case of generic q, for a given eigenvalue Λ(u), we expect that the T-Q equation (A.19) has a unique (up to rescaling) solution Q(u), which implies a corresponding unique admissible solution {λ k }. (We have checked this numerically for small values of N. Indeed, as in the XXX case, the Bethe roots obtained in this way match with those obtained by directly solving the Bethe equations.) If this is true, that would imply that the spectrum of the transfer matrix on the U q sl(2) highest-weight states is non-degenerate. (For the periodic XXX chain, it has been shown that the spectrum of the transfer matrix on sl(2) highest-weight states is non-degenerate [31] .)
We now consider the Bethe equations (1.3) when q is a primitive 2p th root of unity: q = e iπ/p , where p = 2, 3, 4, . . . Inspection of (3.4) shows that, for such cases, the top degree terms can cancel, suggesting that the system is qualitatively different from the generic q case.
A particularly interesting new feature is that the Bethe equations now admit continuous solutions, in addition to the usual discrete solutions. For example, the following set of p elements
is an exact solution of the Bethe equations (1.3) with η = iπ/p and M = p, for arbitrary values of λ 0 . Such solutions have been discussed in the context of periodic chains [21, 22, 23, 24] , and are called "exact complete p-strings." In the parlance of algebraic geometry, such solutions have positive dimension. In contrast, the usual discrete solutions instead have dimension 0. The solutions (4.1) are related to certain degeneracies of the model: the corresponding energy (as well as eigenvalue Λ(u) obtained from the T-Q equation (A.19)) is the same as for the reference (pseudovacuum) state. Bethe states corresponding to such solutions are prima facie null; a regularization scheme and a suitable limiting procedure are needed to obtain non-null states (see [24] and references therein for the periodic case).
Admissible solutions
We restrict our attention here to the usual discrete solutions, which are sufficient to obtain all the distinct eigenvalues of the transfer matrix. 3 Indeed, the union s 1 ∪ s 2 of a discrete solution s 1 and an exact complete p-string solution s 2 is again a solution; hence, adding a p-string does not change the eigenvalue corresponding to the initial discrete solution.
We therefore define an admissible solution of the Bethe equations as before in (3.1) and (3.2), except with the additional requirement that the solution should not contain the exact complete p-string (4.1).
Generalized eigenvalues and tilting modules
As already noted in the Introduction, non-trivial Jordan-block structure for H appears at roots of unity. Therefore, we now consider generalized eigenvalues of the transfer matrix (and of the Hamiltonian); i.e., eigenvalues Λ(u) corresponding to generalized eigenvectors |v that are defined as (also called root vectors)
or equivalently
The power in (4.2) is 2 because there are Jordan cells of maximum rank 2, and here |v and |v ′ belong to a Jordan cell of rank 2. 4 So, we have the number of eigenvectors less than 2 N but the number of generalized eigenvectors is exactly 2 N .
For q = e iπ/p , the N-fold tensor product of spin-1/2 representations decomposes into a direct sum of certain indecomposable modules T j of U q sl(2) characterized by spin j. More precisely, these direct summands T j are so-called tilting U q sl(2)-modules which are (i) composed of the standard spin modules and (ii) satisfy a self-duality condition or invariance under the adjoint · † operation (see [32] for a short review in the context of open spin chains.) These two properties usually lead to a complicated structure of indecomposable but reducible modules, i.e., those having invariant subspaces but cannot be split onto a direct sum. The structure of the tilting U q sl(2)-modules was studied in many works [1, 33, 30, 34, 12] and in brief it is the following: if 2j + 1 is bigger than p and not 0 modulo p then each T j is composed of the spin-j (or V j in our notations) and the spin-(j − s(j)) modules, where 5 s(j) = (2j + 1) mod p, such that the former is a submodule; otherwise, T j is irreducible. So, in particular we have the dimensions
Equipped with this information about T j 's we can write a decomposition of the XXZ spin-
where the sum starts from j = 0 for even N and j = 1/2 for odd N. The important point is that the multiplicities d 0 j of these T j modules can be explicitly computed using representation theory [12] and are given by the dimensions d 
where d j is given by (2.7), and
Since the transfer matrix commutes with the generators of U q sl(2), see (A.10), all the (generalized) eigenvectors (4.2) in a given (direct summand isomorphic to the) tilting module T j have the same (generalized) eigenvalue of the transfer matrix. It is the indecomposable but reducible tilting modules that are responsible for the Jordan cells structure in the Hamiltonian and the presence of the generalized eigenvectors |v : they live in heads of the tilting modules while their partners |v ′ , see (4.3), live in the socle -the irreducible submodule of T j .
Main conjectures
Assuming that there is at most one admissible solution of the Bethe equations for the generalized eigenvalue in each direct summand isomorphic to the U q sl(2)-module T j , the number N (N, M) of admissible solutions of the Bethe equations (1.3) with η = iπ/p satisfies the inequality
where d 0 j is given by (4.6)-(4.7), and we have used the relation j =
when two or more tilting modules become degenerate in the sense that the generalized eigenvalues of the transfer matrix corresponding to direct summands T j and T k in (4.5), for distinct j and k, are equal. This suggests that the conjecture can be sharpened to the following:
where n j is the number of direct summands T j that are degenerate with other tilting modules T k with k > j in the decomposition (4.5). We note that exact complete p-string solutions (4.1) are needed to construct the Bethe states corresponding to such degenerate tilting modules.
We can similarly conjecture that the number or degeneracy D(N, M) of the generalized eigenvalues of the transfer matrix corresponding to each admissible solution satisfies the inequality
where dim T j is given by (4.4). We can also sharpen this conjecture by introducing n jk , which we define as the number of tilting modules T k (with k < j) in the decomposition (4.5) that are degenerate with T j . 7 (We define n jk = 0 for k ≥ j.) Then, we conjecture that 6 We note that the numbers N (N, M ) and D(N, M ) depend also on p, as the dimensions of irreducible TL representations and of tilting modules do, but we do not use this dependence in notations for brevity.
, there is more than one copy of T j ) and n jk is nonzero for some k < j, then it is implicit that each copy of T j is degenerate with n jk copies of T k . This assumption appears to be satisfied in all the examples that we have considered.
the degeneracy of an eigenvalue of the transfer matrix (corresponding to a given admissible solution {λ 1 , . . . , λ M }) equals
It is not obvious that the degeneracy D(N, M) is the same for all admissible solutions with a given value of M (as it is in the generic case), but it is so for the cases that we have considered. We therefore further conjecture that the numbers D(N, M) (and also n jk ) do not actually depend on a particular solution {λ 1 , . . . , λ M }. The two sets of integers {n j } and {n jk } should be related by
The idea is that, if no more than two (non-isomorphic) tilting modules are degenerate, then only the m = 0 term in (4.13) is nonzero; however, if 3 tilting modules are degenerate (e.g. the case p = 2, N = 9, for which the modules T9 
is satisfied using (4.10) for N (N, M), (4.12) for D(N, M), and the expression (4.13) for n j , with arbitrary n jk , except that n jk = 0 for k ≥ j (already noted above), and also that n jk = 0 if (j − k) mod p = 0, which is discussed further below.
For the case p = 2, we have more explicit results. The number of admissible solutions N (N, M) for general values of N and M is given by 15) as shown in Appendix C. We conjecture that the degeneracies D(N, M) for general values of N and M are given by
and N = even . Indeed, this formula reproduces the results in Table 4 (a) below; and, together with (4.15) for N (N, M), satisfies the sum rule (4.14). Moreover, we propose that the integers n jk in (4.12) are given, for p = 2 and j and k integers, by
which do not depend on N. We note, as a curiosity, that n 2j,2 for j > 1 is equal to the j th Catalan number. For j and k half-odd integers, n jk = n j+ . Indeed, these formulas reproduce all the values of n jk for p = 2 found in Appendix D, and satisfy (4.10) (with N (N, M) and n j given by (4.15) and (4.13) , respectively)) as well as (4.12) (with D(N, M) given by (4.16)).
The appearance of the extra degeneracies among different tilting modules at roots of unity is not surprising, as we have an extra symmetry for the whole family of integrable 9 In terms of the spin j = N 2 − M , the degeneracies are given by
which evidently do not depend on N . Hamiltonians. For the case p = 2, this extra symmetry was identified in [13, Sec. 2.6.2 and 5] with the zero modes of the so-called lattice W-algebra. These modes W ±,r 0 , with r, s ∈ 2N 0 , are particular operators that commute with H and change the total spin S z by ±2 and mix the distinct tilting U q sl (2) are spinless zero modes of the W-algebra. The relations resemble the loop sl(2) algebra relations and the algebra of the zero modes W α,r 0 was indeed identified with a subalgebra in it [13] . For higher roots of unity, there should exist a similar construction of the zero modes of the lattice W-algebra, defined in [13] for all p, and these operators do not commute with S z but do commute with the Cartan U q sl(2) generator K = q 2S z . So, we might expect a mixing of tilting modules in sectors by S z equal modulo p.
We have solved the Bethe equations (3.4) with q = e iπ/p numerically for p = 3, 4, 5 up to N = 8, see Tables 7-12 . The numbers N (N, M) of admissible solutions that we have found are reported in Table 3 .
10 These values are consistent with the conjecture (4.9). Note that N (N, M) is equal to the dimension d We also analyze these cases individually in Appendix D, and we argue that they are consistent with the conjecture (4.12).
Discussion
We have proposed formulas (2.8), (4.10), (4.15) for the number of admissible solutions of the Bethe equations (1.3), as well as formulas (2.9), (4.12), (4.16) for the degeneracies of the transfer matrix eigenvalues, including the root of unity cases q = e iπ/p with p ≥ 2. These formulas are consistent with the completeness of the solution (2.10), (4.14). We have checked these conjectures up to at least N = 8. We emphasize that we consider here all the (admissible) solutions of the Bethe equations, not just those corresponding to "good" states [1, 8] . The construction of all the Bethe states remains to be clarified. Work on this and related questions is now in progress.
We have observed at p = 2 and p = 3 large degeneracies (in the spectrum of the transfermatrix) that cannot be explained just using the representation theory of the Temperley-Lieb algebra or U q sl(2) at roots of unity. We expect actually similar degeneracies for all integer p ≥ 2 starting with sufficiently large N, for example, p = 4 and N ≥ 10. Such degeneracies appear due to a very fine phenomena. It is similar to the periodic case where, at roots of unity, there is a much bigger symmetry of H -the loop sl(2) algebra (at least for p = 2 [35] ). This symmetry, additionally to the quantum group generators, mixes H-eigenvectors in sectors modulo p. We expect a similar phenomena in the boundary case, and for p = 2 we do have such an extra symmetry written explicitly in terms of W ±,r 0 operators satisfying (4.18)-(4.20), see the discussion in Sec. 4.3. For all integer values of p ≥ 2, we expect that this extra symmetry commutes with the Cartan operator K = q 2S z (and not with S z ). In particular, tilting modules T j and T k might be degenerate only if |j − k| = 0 mod p. However, instead of the loop sl(2) symmetry that appears in the periodic case, the extra symmetry in the open case should be a subalgebra in the loop sl(2). This is expected to be in analogy with the q-Onsager approach [36] to the open XXZ spin-chain with diagonal boundary conditions [37] , where the generating-spectrum algebra for the finite open chain -the q-Onsager algebrais a (co-ideal) subalgebra in the generating-spectrum algebra of the closed/periodic chain, which is the affine quantum algebra U q sl(2).
This work raises several interesting questions. Assuming that our conjectures are correct, it would be interesting to find proofs and explore more the role of the lattice W-algebra symmetry [13] in our context of open chains that may be responsible for the degeneracies of the tilting modules, which could help to determine the values of n jk in (4.12) for p > 2. (For p = 2, see (4.17) .) It would also be interesting to perform a similar analysis of related models, such as the quantum group invariant XXZ chain with higher spin, and the periodic XXZ chain.
In our view, it is remarkable that a system of polynomial equations can "know" so much representation theory. It is evidence that Bethe ansatz provides deep links between algebraic geometry, representation theory and quantum mechanics. 
A Transfer matrix and algebraic Bethe ansatz
We briefly review here the transfer matrix and algebraic Bethe ansatz for the model (1.1). These results were first obtained for a more general model by Sklyanin [15] . The transfer matrix t(u) is given by
where T a (u) andT a (u) are the monodromy matrices
the R-matrix is given by
and the left and right K-matrices are given by the diagonal matrices
respectively. 11 The transfer matrix commutes for different values of the spectral parameter 6) and it contains the Hamiltonian (1.1)
By taking higher derivatives of the transfer matrix, we obtain the higher conserved charges, which commute with each other by virtue of (A.6)
The transfer matrix has U q sl(2) symmetry [2] [t(u) ,
where the U q sl(2) generators S z and S ± are given by 11) and satisfy (3.3). The U q sl(2) symmetry of the Hamiltonian can therefore be understood as a consequence of the symmetry of the transfer matrix (A.10) and the relation (A.7). The transfer matrix also has the crossing symmetry [5] t(u) = t(−u − η) . (A.12) 11 For the XXX case, we first rescale u → −iηu and R → 1 −iη R before taking the limit η → 0. Hence, we have
and K + (u) = K − (u) = I. 12 For the case p = 2 (i.e., η = iπ/2), the first derivative of the transfer matrix is proportional to the identity matrix; hence, the Hamiltonian is related to the second derivative of the transfer matrix, H = (−1)
The A, B, C, and D operators of the algebraic Bethe ansatz are obtained from the operator U given by
in terms of which the transfer matrix (A.1) is given by
The Bethe states are defined by
where |0 is the reference state with all spins up 16) and v 1 , . . . , v M remain to be specified. The Bethe states satisfy the off-shell relation
where Λ(u) is given by the so-called T-Q equation
Moreover,
13 Details of this computation can be found in e.g. [38] .
14 For the XXX case, the T-Q equation is 
These equations coincide with the Bethe equations (1.3) upon identifying
The result (1.2) for the energy follows from (A.7) and (A.19).
In passing to (A.23), it was assumed that the factor f (u, v m ) in (A.21) is regular. However, f (u, v) has a pole at v = −η/2, as can be seen from (A.22). Hence, solutions of the Bethe equations (A.23) containing v m = −η/2 must be discarded, since Λ m will not vanish, and therefore the corresponding Bethe state will not be an eigenstate of the transfer matrix. Similarly, v m = −η/2 + iπ/2 must be excluded.
In other words, solutions of the Bethe equations (1.3) with λ m = 0 or λ m = iπ/2 must be discarded, because they do not correspond to eigenstates of the transfer matrix. It has also been argued [25] that such solutions should be discarded because the corresponding coordinate Bethe ansatz wave function [14] vanishes identically.
For generic values of q, the on-shell (i.e., with Bethe equations satisfied) Bethe state (A.15) is an U q sl(2) highest-weight state [1, 3, 4]
The on-shell Bethe state (A.15) is therefore an eigenstate of the Casimir operator (see e.g.
[1]) .27) with corresponding eigenvalue
where [x] q is defined in (3.3) and the spin j is given by
The requirement j ≥ 0 implies that M ≤ N 2
. The lower-weight states (S z < j) of the spin-j representation of U q sl(2) can be obtained by repeatedly acting on the highest-weight state (S z = j) by the S − operator defined in (A.11).
B Temperley-Lieb algebra
The Hamiltonian (1.1) can evidently be re-expressed (up to an additive constant) as [1]
where the e k are given by
The e k can be shown to satisfy the Temperley-Lieb algebra [19] e 2 k = δe k , e k e k±1 e k = e k , e k e j = e j e k , |j − k| > 1 , (B.3) where δ (the so-called fugacity or loop parameter) is given by
For q = e iπ/p , it follows that δ = 2 cos
. For all values of q, including the roots of unity, the Temperley-Lieb algebra is identified with the maximum algebra commuting with (or centralizer of) U q sl(2), see [33, 39] .
C Bethe solutions at p = 2
The case p = 2 (i.e., η = iπ/2) is sufficiently simple to be analyzed analytically. The Bethe equations (3.4) decouple and reduce to
since q 2 = −1 and therefore the terms with j =k cancel. It follows that
and therefore
The admissible Bethe roots (recall (3.1) and (3.2)) appear as (λ , λ + iπ/2) (i.e., pairs of roots that differ by iπ/2) corresponding to the following pairs of l values
It follows that the number of solutions N (N, M) for M = 1 is given by
In order to construct Bethe states (A.15) with M > 1, one would naively expect to be able to choose any M roots from the N (N, 1) admissible roots. However, a Bethe vector with two roots that differ by iπ/2 is an exact complete 2-string (4.1). Hence, any solution of the Bethe equations that contains a pair of roots that differ by iπ/2 is not admissible. Since the N (N, 1) admissible roots all come in pairs that differ by iπ/2, it follows that the number of solutions for M ≥ 1 is given by (notice the double factorials)
The results for N = 2, . . . , 9 are displayed in Table 3 (a).
D Explanations of deviations
We consider here in detail the cases of the conjecture (4.10) for which N (N, M) < d −M . We argue that these deviations occur when two or more tilting modules become degenerate. The idea is that we count the total degeneracies of generalized eigenvalues of the transfer matrix; and by comparing them with dimensions of the tilting modules and using the S z values for corresponding generalized eigenstates, we infer which tilting modules are degenerate. As we do not construct a basis in these tilting modules explicitly, our arguments are rather indirect but definitive.
We analyze below only the cases p = 2 and p = 3, because for higher values of p we would need to go beyond N = 10 which exceeds the capabilities of our available computer resources. For p = 2, we use known facts on representation theory of both the Temperley-Lieb and U q sl(2) algebras [33, 34, 13 ]:
1. For odd N, the TL algebra is semisimple and the Hamiltonian is diagonalizable -it is the only semisimple/diagonalizable case at roots of unity. Hence, for this case all the eigenvalues and eigenvectors are ordinary (i.e. not generalized). For even N, the TL algebra is non-semisimple and the Hamiltonian has Jordan blocks of maximum rank 2.
2. For odd N, the tilting U q sl(2)-modules T j in (4.5) appear for half-integer j and are irreducible. The S z spectrum is then usual one {j, j − 1, . . . , −j}. For even N, each tilting U q sl(2)-module T j , where j is a positive integer, is indecomposable but reducible and is composed of the spin-j and the spin-(j − 1) modules (recall the discussion above (4.4)), where each spin-j module is also reducible but indecomposable and has the unique submodule isomorphic to the head (or irreducible quotient) of the spin-(j − 1) module. The dimension of the head of the spin-j module is j + 1 and we denote the head by j . In total, the sub-quotient structure of T j in terms of the irreducible modules j is
where arrows correspond to irreversible action of U q sl(2) generators and we set −1 = 0. In the decomposition (4.5), a direct summand T j has S z spectrum {j, 2 × (j − 1), 2 × (j − 2), . . . , 2 × (−j + 1), −j} while each irreducible sub-quotient j has S z spectrum {j, j − 2, . . . , −j + 2, −j}. We also note that it is only the states in the head of T j -the top sub-quotient j − 1 in (D.1) -on which the Hamiltonian is non-diagonalizable.
For p = 2 and N = 5, the decomposition (4.5) into tilting modules is given by
We claim that T5 ) belonging to T5 2 , can be shown to have dimension 8. That is, the number of E = 0 eigenstates is 8, which is the sum of dimensions of T5 2 (6) and T1 2 (2), recall (4.4) . This implies that
in agreement with Tables 4 and 3 , respectively.
For p = 2, N = 6, the decomposition (4.5) into tilting modules is given by
We claim that T 3 and one of the T 1 are degenerate, and therefore n 3,1 = 1, n 1 = 1 (all others are zero). Indeed, the subspace with generalized H-eigenvalue E = 0, which includes the reference state (M = 0 , j = 3) belonging to T 3 , can be shown to have dimension 16, which is the sum of dimensions of T 3 (12) and T 1 (4). This implies that
For p = 2, N = 7, the decomposition (4.5) into tilting modules is given by
We claim that T7 ), can be shown to have dimension 16, which can be now either the sum of dimensions of T7 2 (8) and two T3 2 (2*4=8) or as dim T7
Looking at S z -sectors for these 16 eigenstates:
and recalling the discussion above (D.1), we identify precisely the tilting modules they belong to as T7 
For p = 2, N = 8, the decomposition (4.5) into tilting modules is given by
We claim that T 4 and two of the T 2 are degenerate, and therefore n 4,2 = 2, n 2 = 2. Indeed, the subspace with generalized H-eigenvalue E = 0, which includes the reference state (M = 0 , j = 4), can be shown to have dimension 32, which is either the sum of dimensions of T 4 (16) and two T 2 (2*8=16) or one of these sums dim
Looking then at S z -sectors for these 32 generalized eigenstates, we find that the 24 S z eigenvalues corresponding to ordinary eigenvectors are
and the 8 S z eigenvalues corresponding to generalized eigenvectors are
Recalling the discussion about tilting modules and their S z spectrum (above (D.1)) we identify precisely the tilting modules the 32 generalized eigenstates belong to as T 4 ⊕ 2T 2 . So, the S z spectrum we found implies
Moreover, we claim that each of the 6 T 3 are degenerate with 6 T 1 , and therefore n 3,1 = 1, n 1 = 6. Indeed, we find that there are 6 energy eigenvalues (namely, ±2 2 + √ 2, ±2 √ 2, ±2 2 − √ 2) that are each 16-fold degenerate; while dim T 3 = 12 and dim T 1 = 4. This implies that
For p = 2 and N = 9, the decomposition (4.5) into tilting modules is given by
Using analysis similar to the previous cases, we claim that the nonzero n jk are D.6 p = 3 , N = 8
For p = 3, N = 8, the decomposition (4.5) into tilting modules is given by
We claim that T 4 and one of the T 1 are degenerate, and therefore n 4,1 = 1, n 1 = 1 (all others are zero). Indeed, the subspace with energy E = 0, which includes the reference state (M = 0 , j = 4), can be shown to have dimension 12, which is the sum of dimensions of T 4 (9) and T 1 (3). This implies that
E Numerical results
Our numerical solutions of the Bethe equations up to N = 8 are presented in Tables 5-12 . These results were obtained using homotopy continuation [29] (see also [28] and references therein for further details). 
